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A (maximal) difference matrix with r rows over a group G of order s gives rise to a 
(maximal) set of r - 1 mutually orthogonal Latin squares of order s. The row sizes of maximal 
difference matrices are determined for all groups G of order ~<10. 
1. Introduction 
Sets of mutually orthogonal Latin squares or, equivalently, nets and transversal 
designs are a central object of study in combinatorial theory (see Beth, Jungnickel 
and Lenz [1] or Hall [8] for background information). 
Difference matrices provide a useful tool in constructing examples, an idea 
going back to Bose and Bush [2]. Let us recall the definition of an (s, r; G)- 
difference matrix: this is an (r x s)-matrix D = (d#) (i = 1, . . . ,  r; j  = 1 , . . . ,  s) 
with entries from an (additively written) group G of order s satisfying 
{d i j -dh j : j= l , . . . , s}=G,  fora l lh ,  i= l , . . . , rw i th i~:h .  (1) 
Thus the differences of corresponding entries from two rows of D contain each 
element of G exactly once. Any (s, r; G)-difference matrix D yields a set of r - 1 
MOLS which is characterized by admitting G as a certain type of automorphism 
group (see Jungnickel [10]). In geometric language, D corresponds to a 'class 
regular' transversal design (TD) of order s with r point classes (i.e., G acts 
regularly on each point class, see [1] or [10]); such a TD is necessarily resolvable, 
and thus a further class may be added. The dual structure is an (s, r + 1)-net 
which is explicitly given in [1], Theorem X.12.8. 
There has been some interest in finding maximal sets of MOLS, i.e., sets of 
MOLS having no common orthogonal mate (see e.g. Bruck [3, 4] and Drake [7]). 
The following lemma shows that difference matrices are useful in this connection. 
Lemma 1. Let D be a maximal (s, r; G)-difference matrix (i.e., one may not 
adjoin a further row to D such that condition (1)/s preserved). Then D gives rise 
to an (s, r + 1)-net without transversals and thus to a maximal set of r - 1 MOLS 
of order s. 
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Lemma 1 is implicit in the work of Ostrom [13]; for a direct proof, see [1, 
Theorem X.12.8]. It should be mentioned that most of the known examples of 
maximal difference matrices are constructed from maximal partial spreads, an 
idea essentially due to Bruen [5]; see Jungnickel [11] and [12] for an elaboration 
of this idea. 
Drake [7] determined all pairs (s, k) for which a maximal set of k MOLS of 
order s ~< 8 exists, with one exception: the case (8, 4) is still undecided. In the 
present note, we shall determine the row sizes of maximal difference matrices 
over any group of order <~10. This also provides alternatives to some of Drake's 
constructions and extends his work to the case s = 9, with one further exception. 
2. The results 
Theorem 2. Let G be a group of  order s <- 10. Then a maximal (s, r; G)-difference 
matrix exists if and only if one of  the following cases occurs: 
s 23  4 56  7 8 
G 7/4 7/2 ~) ~2 7/8 7/2 ~ 7/4 
r 2 3 2 4 523 ,72  4 
s 8 9 10 
G 7/2 ~ 7/2 ~) 7/2 dihedral quaternion Z92~3 • 7/3 
r 4,8 3 3 3 4 ,6 ,9  2 
Proof. Let D be a maximal (s, r; G)-difference matrix. Adding an element of G 
to all entries in a column of D (from the right) or to all entries in a row of D 
(from the left) again yields a difference matrix. Thus we may assume D to be 
normalized, i.e., the first row and column of D contain entries 0 only (we write G 
additively). Condition (1) then shows that r <~s. The multiplication table of a 
finite field F of order s (s a prime power) always is a normalized (s, s; G)- 
difference matrix for the additive group G of F. It is easily checked by hand 
calculation that these are (essentially) the only examples of maximal difference 
matrices for s = 2, 3, 5 and for s = 4 with G = Z2 • 7/2. The theorem of Hall and 
Paige [9] implies the non-existence of (s, r; G)-difference matrices with r 1>3 
whenever s is even and the Sylow 2-subgroup of G is cyclic (see also [1, 
Corollary X.12.4]). The remaining cases have been settled by exhaustive computer 
searches. Examples for the cases not yet covered will be given in Section 3. [] 
Corollary 3. There is no maximal set of 4 regular Latin squares of  order 8. 
Thus a putative maximal set of 4 MOLS of order 8 cannot be constructed from 
a difference matrix. This strengthens a result of Bruen and Freeman [6] who 
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proved that such a set cannot be constructed from a (maximal) partial 3-spread in 
PG(5, 2). (It is easily seen that a partial t-spread with r components yields a 
difference matrix with r - 1 rows, cf. the proof of Theorem 5.8 of [11].) 
Corollary 4. Maximal sets of k MOLS of order 9 exist for k = 1, 2, 3, 5 and 8. 
They do not exist for k = 6 and 7. 
Proof. The cases k = 2, 3, 5, 8 are settled by the examples in the present paper. 
The existence of a Latin square without an orthogonal mate for all 
orders--1 mod 4 is well-known (see e.g. [1, Theorem X.8.5]). The cases k = 6 
and 7 cannot occur by Bruck's completion theorem (see [4] or [1, Theorem 
X.7.2]). [] 
Corollary 4 thus extends the list of Drake [7] to the case s = 9, with one further 
exception (i.e., s = 9, k = 4). It should be mentioned that the existence of a 
maximal set of 5 MOLS of order 9 is already proved by Bruen [5] using a partial 
spread in PG(3, 3). The cases k = 2 and 3 of Corollary 4 seem to have been open 
previously. 
3. Examples 
In this section, we give an example of a maximal (s, r; G)-difference matrix for 
each of the cases occurring according to Theorem 2, excepting the well-known (or 
trivial) cases r = s and r = 2. Though these examples have been found using a 
computer, their maximality may be checked by hand if one is sufficiently patient! 
(A) G=7/7, r=3:  ( 00000 ) 
1 2 3 4 5  . 
2 6 5 3  1 
(B) G = 7/2 ~ 7/4, r = 4 (writing xy for (x, y)): 
O0 O0 O0 O0 O0 O0 
10 O1 11 02 12 03 13 
o1 lO 
11 13 02 O1 10 12 03 
(c) G = 7/2 ~) 7/2 ~ 7/2 (writing xyz for (x, y, z)), r = 4: 
( °I 000 000 000 000 000 000 000 000 100 010 110 001 101 011 111 
000 101 100 001 010 111 110 011~ 
000 111 011 100 110 001 101 010/  
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(D) G the quaternion group (with elements -1-{1, i,], k} and the usual 
multiplication table), r = 3: 
1 1 1 1 1 1 1 1 '~ 
1 -1 i - i  j - j  k 2~)" 
1 i k j - j  - k  -1  
(E) G the dihedral group of order 8 (written multiplicatively as G = (a, b }, 
with a 4 = b 2 = 1, ba = aBb), r = 3: ( 111111 
a a 2 a 3 b ab a2b a 3 • 
a 2 b a2b a 3 a3b ab 
(F) G=7/9 , r=3:  ( 0000000 ) 
1 2 3 4 5 6 7  . 
2 1 6 8 7 3 5  
(G) G=Z3~)Z3,  r=4:  
00 
O0 
O0 
O0 
O0 O0 O0 O0 O0 O0 O0 00\  
10 20 O1 11 21 02 12 22 
20 10 12 02 22 O1 21 11 " 
11 12 10 22 O1 20 02 21 
(H) G= Z3(~Z3,  r = 6: 
/O0 O0 O0 O0 O0 O0 O0 O0 00\ 
O0 10 20 01 11 21 02 12 22 
O0 20 10 22 12 02 11 01 21 
O0 21 12 10 01 22 20 11 02 
O0 01 02 12 10 11 21 22 20 
I00 22 11 02 21 10 01 20 12 
4. A maximal translation net 
We finally apply our results to answer a question of Braun and Freeman [6]. 
Corollary 5. There is a transversal-free (hence maximal) (8, 5)-translation et. 
Proof. Bruen and Freeman constructed a maximal partial 3-spread with 5 
components in PG(5,2); see [6], Corollary 3.4. The corresponding (8,5)- 
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translation net D may be described by an (8, 4; EA(8))-difference matrix D. If D 
had a transversal, then D would not be maximal by Lemma 1. By Theorem 2, D 
would be completable to an (8, 8)-difference matrix D'; hence D would be 
imbeddable into the (unique) affine plane A of order 8. Since A is a translation 
plane, this contradicts the maximality of the partial 3-spread used. [3" 
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